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Modes and Attenuation Constants in Circular Hollow
Waveguides with Small Core Diameters for
the Infrared

Yuji Kato and Mitsunobu Miyagi, Senior Member, IEEE

Abstract—The mode structures and attenuation constants in
circular hollow waveguides are evaluated numerically based on
the exact characteristic equations. Mode properties, which are
strongly dependent on waveguide materials, and attenuation
constants are discussed when the core diameter becomes small.
Special modes are also analyzed in oversized metallic wave-
guides which approach very familiar modes in perfect-con-
ducting cylindrical waveguides when the core diameter be-
comes small.

1. INTRODUCTION

OLLOW waveguides are promising media for trans-

mitting high-powered infrared laser light as emitted
by carbon dioxide (CO,) and carbon monoxide (CO) las-
ers. Many kinds of hollow waveguides have been pro-
posed [1]-[6]. In particular, dielectric-coated metallic
hollow waveguides have been shown to have low losses
when the metals and the dielectric coatings are suitably
chosen [6], [7]. Transmission of 1 kW CO, laser light has
been achieved with losses of 0.05 dB/m by germanium-
coated silver waveguides with a core diameter of 1.5 mm
[8]. For some medical uses, there is a need for smaller
core waveguides with moderate power capability in recent
[9]. So far, the attenuation constants in hollow wave-
guides are estimated based on the approximate character-
istic equation by assuming that the core diameters are suf-
ficiently large [6], [10]. But the attenuation constants as
well as the mode structure should be examined more pre-
cisely when the cores of waveguides become small.

In this paper, we present numerical results of the exact
characteristic equations to determine the attenuation con-
stants of the modes in hollow waveguides with arbitrary
core diameters. Relations between modes in small and
large core waveguides have been made clear completely
and electric field lines have been also presented to show
the relations clearly. In hollow waveguides such as sap-
phire and silica waveguides whose absolute value of the
complex refractive index is small, the HE;; mode main-
tains its property even when the core diameter becomes
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very small, which is very different from that in ordinary
metallic waveguides. Special modes in large core metallic
hollow waveguides are also analyzed which approach very
familiar modes in perfect-conducting cylindrical wave-
guides.

II. CHARACTERISTIC EQUATIONS OF THE MODES IN
HoLLow WAVEGUIDES
Consider a waveguide consisting of a cylinder of radius
T and refractive index ny(=1) embedded in a medium
with a refractive index nyn,. The z-components of electric
field E, and magnetic field H, are expressed in the cylin-
drical coordinate (r, 8, z) as follows [11]:

J, <u0 %) cos (nf + 6,)

r<7T)
E, =
f—j?z()t(t—z)li H® <u1 %) cos (nf + 0,) r>7T)
1)
—£—PJn<u0 %> sin (6 + 0)  (r < T)
(1]
Ho=q_ B 5w of T
oo HOy <”‘ T>
- sin (nf + 6,) (r>717)
2)

where the normalized transverse phase constants in the
core and cladding are u; and u,, respectively. They are
related to the axial complex phase constant 8 (= 8, — jo)

. as

2
B2 + <"—T°> = (noko)?, @)

2
B2 + <“—,;> = (non koY, @)

where k; is a wavenumber of the plane wave in a free
space, and P is an arbitrary constant to be determined.

By using the boundary condition that the tangential
electric and magnetic fields are continuous at » = T, one
obtains
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By eliminating 3 from (3) and (4), one obtains
ui —ug = (i — DnokeT). ®)

Equations (5) and (8) are exact characteristic equations
describing mode properties in hollow waveguides with ar-
bitrary core diameters. By solving the equations, the axial
phase constant 3, and the attenuation constant « are ob-
tained from (3). On the other hand, the parameter P in
(2), which is used for mode designation [12]-[14], is ex-

pressed by
1 1
P = n<_2 - —2>/(no = ). &)
Uy ujy

We employ the Miilier’s method [15] to seek a complex
solution u, of the characteristic equations (5) and (8), and
use the asymptotic expansion formula [16] for the second
kind Hankel function H(u,).

Throughout the paper, the wavelength is assumed to be
10.6 pum of the CO, laser light.

III. MEeTAaLLIc HoLLOW WAVEGUIDE

We first clearify the mode properties in metallic wave-
guides. We numerically evaluate the attenuation con-
stants and P values of the modes in the hollow wave-
guides as functions of the core diameter. Next, we com-
pare attenuation constants numerically obtained with those
by the approximate analytical method [6].

A. Mode Structure

We consider a nickel (Ni) hollow waveguide, whose
complex refractive index is 7.39-j39.3 [17], as a metallic
hollow waveguide. We discuss relations between modes
in the small and large core waveguides.

Fig. 1 shows Py defined by

Py = |PI*/(1 + |P}%, (10)

for the hybrid HE,; and EH;; modes. In the large core
waveguide, Py is nearly equal to 0.5 for the hybrid modes,
because P is nearly equal to —1 for the HE,; mode and 1
for the EH;; mode. When the core diameter becomes
small, | P| approaches O or infinity, which means that the
HE; mode approaches the TM mode without H, and the
EH;, mode goes to the TE mode without E.. This means
that mode properties change completely with the core di-
ameter.

1 T TTT T T T T ©

EHn

o 0.5 a
i .5
O I I | O
0.1 1 10

27 (mm)

Fig. 1. Pyof the HE|, and EH;, modes in a Ni hollow waveguide as func-
tions of core diameter.

In order to see what modes the HE;; and EH,, modes
approach and also to see properties of other lower order
modes, we show real and imaginary parts of the normal-
ized transverse phase constants u, as functions of the core
diameter in Fig. 2(a) and (b). There are crossing points
in Re (up) and Im (up) of some modes. However, they
occur at the different core diameters. Therefore, no mode
degeneration occurs. Re (ug) of the HE,; mode varies from
Jo1 (= 2.4048) to ji; (= 3.8317) and that of the EH;
mode varies from j,; (= 5.1356) to ji, (= 5.3314) when
the core diameter decreases. We first point out that the
HE,; and EH;; modes in the large core waveguide grad-
ually approach the TM; and TE, modes in the small core
waveguide, respectively. These mode changes or transi-
tions are cleatly understood by electric field lines of the
modes as shown in Fig. 3(a) and (b). These field lines are
obtained by solving a differential equation:

dr = Ef, an

rdd E,
where we have neglected Im (uy) because it is much
smaller than Re (1) and also neglected the imaginary part
of P reasonably. One should note that the TM,, and TE,,
modes in the small core waveguide, e.g., 27 = 0.1 mm,
are almost the same with those in a perfect-conducting
cylindrical waveguide. It is also noted that the TM,, mode
in the large core waveguide approaches the TMy, mode in
the small core waveguide because Re (ug) of the TMy,
mode varies from j;; (= 3.8317) to jy, (= 5.5201). On
the other hand, the TE;; mode does not change at all be-
cause Re (i) of the TEy; mode changes little.

There exist the TMy; and TE,; modes in the small core
waveguide [6]. However, as is shown in Fig. 2(a) and (b),
Re (1)’ as well as Im (uy)’ of these two modes increase
when the core diameter becomes large. These modes do
not correspond to the well-known modes, e.g., TE, TM,
HE, or EH mode, in the large core waveguide whose
properties have not ever been analyzed in detail [18].
Therefore, we tentatively call these two modes in the large
core waveguide TMj and TM| modes, respectively. For
the TE; mode, | P| becomes very small with increasing
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Fig. 2. ugy of the HE,|, EH,;, TM,,, and TE,, modes in 2 large core Ni
hollow waveguide and those of TE;, and TM,, modes in a small core one
as functions of core diameter. (a) Real part of u,. (b) Imaginary part of u,.

core diameter and the mode approaches a TM mode with-
out H_. To see how the TE,; mode approaches the TM]|
mode, we show the variation of electric field lines in Fig.
4. As Im (uy) and Im (P) of the TM| and TM{ modes
cannot be neglected in the large core waveguides, the
electric field at each position in a hollow core region is
elliptically polarized with different degrees of polariza-
tion. As we have numerically proved that the degree of
polarization is greater than 0.9, we draw the electric field
lines as the solution of

dr _ |E,

r do | Eo | )
The electric field lines of the TE,; mode resemble those
of the TM,,, mode, which are radial from the center of
the core, when the core diameter becomes large. Distri-
butions of | E,| of the TE;; and TM,; modes whose no-
menclature is given in the small core waveguide are shown
in Figs. 5 and 6 at # = 0 as functions of the cote diameter.
It can be scen that the field distributions of both modes in
the large core waveguides are very similar each other,
which corresponds to the resemblance of dispersion curves
in Fig. 2(a) and (b). One should note that field distribu-
tions of the TMy,; denoted by dashed lines and TMy modes
are completely different as is seen from Fig. 6.

(12)
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Fig. 3. Electric field lines of the HE,; and EH,, modes in a large core Ni
hollow waveguide which approach the TM,, and TE,, modes in a small
core hollow waveguides. (a) HE;, mode. (b) EH,, mode.

Gastine et al. [19] investigated ‘‘exterior’” modes in
free dielectric spheres and pointed out that the real and
imaginary parts of characteristic equation solutions of
those modes, which correspond to the transverse phase
constants, tend toward infinity with increasing dielectric
constants of the spheres. The TM{ and TM| modes which
we have found in a metallic cylindrical waveguide are
similar to the “‘exterior’’ modes, although Gastine ef al.,
didn’t show field distributions in a whole region. How-
ever, considering that the refractive index of core region
is not large in our waveguide and also the modes have the
perpendicular polarization to the metallic wall, it might
be reasonable to call them plasmon [20], [21] in the cy-
lindrical structure.

Re (up)' of other higher order HE,,,, EH,,, TE,,,, and
™, (m = 2,3, - -+, 5) modes are numerically eval-
uated and the relation of modes in small and large core
waveguides as well as F factor in (13) are summarized in
Table 1.

B. Attenuation Constant

Fig. 7 shows power attenuations of the HE;;, EH,
TEy;, and TM;; modes. When the core diameter is large,
attenuation of these modes are inversely proportional to
the cube of the core diameter as is expected. However,
increments of attenuation constants become small as the
core diameter becomes small. It should be noted that the
attenuation of the EH;; mode which approaches the TE,,
mode becomes lower than that of the HE;, mode ap-
proaching the TM,; mode as the core diameter becomes
small.

The attenuation of the TEy mode is inversely propor-
tional to the cube of core diameter in the region of the
core diameter down to 0.1 mm. However, the attenuation
of the TMy, mode is inversely proportional to the core
diameter rather than to the cube as the core diameter be-
comes small.

Now, we compare the attenuation constants obtained
numerically and those predicted by the previous theory
[6]. By using a normalized surface impedance zrg and ad-
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Fig. 4. Electric field lines of the TE,, mode whose nomenclature is given
in a small core Ni hollow waveguide with various core diameters.
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Fig. 5. Electric field intensity distributions of the TE,, mode 1n a small
core Ni hollow waveguide with various core diameters.
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Fig. 6. Electric field intensity distributions of the TM,, and TM,, modes
in a small core Ni hollow waveguide with various core diameters. The solid
and dashed lines correspond to the TM,, and TM,, modes whose nomen-
clature is given in a small core waveguide. respectively.

\

TABLE I
MODE TRANSITIONS AND APPROXIMATE ATTENUATION CONSTANTS IN THE N1 HOLLOW WAVEGUIDE, WHERE
Jnm AND jr, REPRESENT THE mth ZERO POINTS OF J,,(1y) AND J(14,) EXCEPT FOR ZERO, RESPECTIVELY

nokoT >> | zrg | and noke T >> | yrm|

noko T >> | zre| and noko T << | yru |

Mode F Re (up) Mode F Re (ug)
TEy (@) Re (zrr) Jim - TEo,, (a) Re (zrp) Jim
1
EH i TE b) —— SR it
Im (@ Jam - tm+ 1 (b) 1~ (/u) e Jim+
1 1:-. + L M]
2 Re (@75 + yrm) TETul
HEIm jOm - TM!m (C) 5 jlln
T\ i
() = )
Uy Y™
TMy,, (e) Re (yrm) Jim - TMop +1 Jom+1

mittance vy, the theory predicts the attenuation constant
o as

g

(noko T)° r 3

o = }'loko
where the factor F is summarized in Table 1 for the two
extreme cases of core diameters. In the case of hollow
waveguides consisting of a single cladding with a refrac-
tive index of ngn,, zyg and yry become

(14)

ZTE T T/,
ni—1

n

Attenuations estimated by (13) are shown in Fig. 7 for
comparison. Each dotted line indicates the approximate
attenuation in the Ni hollow waveguide either when the
core diameter is large (|zrg| << nokoT, |ypm| <<
nokoT) or small (|zrg| << ngkoT, |yrm| >> ngkeT).
As is seen in Fig. 7, the attenuations of these modes are
evaluated precisely by (13) when the approximate atten-
uation formulas are suitably used. However, there are
wide ranges of core diameters where (13) cannot predict
proper losses of modes except for the TE,, mode.

2
1

(15)
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Flg 7. Attenuation constants of the HE,,, EH,;, TM,,, and TEy, modes
in a Ni hollow waveguide as functions of core diameter. The solid and
dotted lines correspond to the numerical results and approximate ones ob-
tained by using (13) with (a)-(e) in Table I, respectively.

IV. DieLeEcTRIC HOLLOW WAVEGUIDES

We consider several kinds of hollow waveguides con-
sisting of dielectric materials whose imaginary parts « of
complex refractive indices are relatively small.

In Fig. 8, Py of the HE,; mode in the large core wave-
guides are shown as functions of core diameter. The HEy;
mode in sapphire (Al,05), silicon carbide (SiC), and sil-
ica (Si0,) waveguides is likely to approach the TM mode,
whereas the HE;; mode in a germanium (Ge) hollow
waveguide to the TE mode. However, drastic changes of
mode properties are not found as observed in the Ni hol-
low waveguide. In particular, the HE;, mode in the SiO,
waveguide preserves its property even when the core di-
ameter becomes very small down to 0.1 mm.

Fig. 9 shows power attenuation of the HE;, mode in
those hollow waveguides. It is seen that the numerical and
approximate attenuations predicted by (13) are in good
agreement in the hollow waveguides.

For the higher hybrid HE,,, and EH,, (m = 2, 3,
, 5) modes, numerical calculations have been con-
ducted to see how the mode property changes and the re-
sults are summarized in Table II for the modes in dielec-
tric as well as metallic waveguides.

V. MATERIAL DEPENDENT MODE TRANSITIONS

As mentioned above, mode properties strongly depend
on cladding materials, mode orders, and core diameters
of the hollow waveguides. We focus our attention to the
HE,; mode and estimate the regions in the plane of com-
plex refractive index (n — jx) of cladding material where
the HE;; mode in large core waveguides approaches the
TE or TM mode.

Fig. 10(a) and (b) show the resultant boundary which
is determined whether the absolute value of P is greater
(TE mode) or less (TM mode) than unity at the core di-
ameter of 0.1 mm. In the region where » is smaller than
unity, i.e., in total reflection-type waveguides, the HE;,

0.8 T

T TTTTIT
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Py
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0.4_ [ [N 1 i b 111t
0.1 1 10
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Fig. 8. Py of the HE,, mode in various dielectric hollow waveguides as
functions of core diameter, where n — jk is equal to 0.67-j0.03 (Al,0O;)
[5], 2:22-j0.1 (Si0,) [17], 0.059-j1.21 (SiC) [17], and 4-j0 (Ge) [17],
respectively.
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Fig. 9. Attenuation constants of the HE,, mode in various dielectric hol-
low waveguides as functions of core diameter. The solid and dotted lines
correspond to the numerical attenuations and those obtained by using (13)
which are inversely proportional to the cube of core diameter.

TABLE II
MODE TRANSITIONS IN VARIOUS HOLLOW WAVEGUIDES

Core Diameter

Large Small
HE,, oo > TE
- >< —
e 4w o Tt G20 P P o -
The solid lines correspond to the HE,,, and EH,, (m = 1, + -+, 5)

modes in Ni, Al,O;, and SiC hollow waveguides, and the HE,,, (m = 3,

, 5) and EHy,, (m = 2, * 5) in a SiO, hollow waveguide. The
dashed lines correspond to the HE,,, and EH,,, (m = 1, , 5) modes in
a Ge hollow waveguide and the HE,,, (m = 1, 2) and EH,, in a SiO, hollow
waveguide.

mode tends to approach the TM mode. However, when n
is larger than unity, the HE;; mode tends to approach the
TE mode or to the TM mode as shown in Fig. 10(a) and
(b) depending on «. h
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Fig. 10. Boundary curve dividing the TE and TM modes in a small core
waveguide corresponding to the HE,, mode 1n the plane of complex re-
fractive index of cladding materials [5], [17], [22]. (a) n < 4. (b) 1 = 30.

One may realize that the kink point of the boundary line
exists at n = 10. In the region where n is not large, the
change of | P | value is small around the boundary line like
a SiO, hollow waveguide. When « is sufficiently large,
the change of | P | value is drastic as is seen in the metallic
waveguide. Therefore, there is a possibility of a kink point
in the boundary line, which is only proved by numerical
calculations.

VI. CONCLUSION

We have numerically solved the exact characteristic
equations of the hollow waveguides consisting of a single
cladding material with various complex refractive in-
dices. It has been made clear that the mode properties
change drastically as the core diameter becomes small
which depend on cladding materials and mode orders. In
metallic hollow waveguides, it has been found that the
HE,;, EH,;, and TM,, modes in large core waveguides
approach the TM,,;, TE,,, and TM,, modes in small core
waveguides. Special modes are also analyzed in metallic
waveguides which smoothly approach familiar modes in
perfect-conducting circular waveguides when the core di-

ameters become small. In dielectric hollow waveguides
with relatively small «, the HE;; mode tends to approach
the TE or TM mode depending on cladding materials.
Furthermore, we have pointed out that there are some re-
gions of the core diameters whose attenuation constants
in metallic hollow waveguides cannot be evaluated by us-
ing the previous approximate formulas.
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